There exist tw o types of sta tio n a ry in stab ility of the flow over a ro ta tin g disc corresponding to th e upper-branch, inviscid mode and the low er-branch mode, which has a triple deck stru c tu re , of the n eu tral sta b ility curve. A theoretical investigation of the linear problem and an account of the weakly nonlinear properties of the lower branch-m odes have been u n d ertak en by P. H all and S. M acK errell respectively. M otivated by recent rep o rts of experim ental sightings of the low er-branch mode and an exam ination of the role of suction on the linear sta b ility properties of the flow here we investigate the effects of suction on the nonlinear disturbance described by S. M acK errell. The additional analysis required to incorporate suction is relatively straig h tfo rw ard and enables us to derive an am plitude equation which describes the evolution of th e mode. F o r each value of the suction a threshold value of the disturbance am plitude is o b ta in e d ; modes of size greater th a n this threshold grow w ith o u t lim it as th ey develop aw ay from the point of n eu tral stability.
Introduction
The sta b ility of ro ta tin g disc flows has been the subject of m any studies, one reason for this being th a t th e basic boundary layer flow given by Von K a rm a n 's (1921) exact solution is fully three dim ensional. In te re st also stem s from the observed sim ilarities in the ty p e of in stab ility occurring in ro ta tin g disc flow work (Gregory et al. 1955) and near the leading edge of a sw ept back wing (Poll 1978) . This instability, known as cross-flow in stability, is due to the inflectional character of the basic velocity profile and was first studied extensively by Gregory et al. (1955) . They showed with china clay techniques th a t this in stability took the form of a regularly spaced p a tte rn of equi-angular spiral vortices which was sta tio n a ry relative to the disc. J . T. S tu a rt (in Gregory et al.) , using inviscid theory, suggested th a t the instability could be associated w ith a p a rticu lar inflectional profile in which the inflection point coincided w ith a po in t of zero velocity somewhere in the flow. His calculation gave the predicted num ber of vortices to be approxim ately four tim es greater th an the observed value of ab o u t 30 b u t the angle of 13° between the axes of the vortices and the radius vector was in excellent agreem ent w ith their experim ents.
Several a tte m p ts have been m ade to explain the observed spiral p a tte rn s by means of a linear stab ility theory (see, for exam ple, Cebeci & Stew artson 1980; Malik et al. 1981; Mack 1985; Malik 1986 Faller & K aylor (1966) and Lilly (1966) in the co ntext of the E k m an b o undary layer. The theoretical results of Mack (1985) strongly suggest th a t th e spiral streaks observed in flow visualization experim ents are the co n stan t phase lines of th e m erged wave p a tte rn s produced by several random sources on the disc. This was first found by the experim ental investigations of W ilkinson & Malik (1985) who revealed th a t the wave p a tte rn s from each point source spread ou t circum ferentially dow nstream of th e source and th a t the wave p a tte rn s from a num ber of sources eventually m erge and cover the entire circum ference of the disc. E xperim ents by Fedorov et al. (1976) showed th a t for vari disc an in stab ility occurred which also appeared as a p a tte rn of spiral vortices which num bered in the region 14 to 16 and which had th eir axes inclined a t angles of ab o u t 20° to the radius vector. These discrepancies betw een these observations and those of Gregory et al. (1955) im ply th a t the vortices seen by Federov et al. were n o t those of Gregory et al. Malik (1986) calculated the n eu tral stab ility curve for sta tio n a ry disturbances and d em onstrated th a t two types of mode could exist. The first, the upper branch of th e n eu tral curve, corresponds to the inviscid mode described by J . T. S tu a rt in Gregory et al. The second, the lower branch mode, is an essentially viscous disturbance which corresponds to zero wall shear stress of the crossflow velocity profile.
A linear asym ptotic investigation of the inviscid mode a t high R eynolds num ber was conducted by H all (1986); work th a t has been extended to include nonlinear effects by J . S. B. G ajjar (personal com m unication). F u rth e r, H all (1986) dem o n strated th a t the lower branch viscous mode is governed by a triple deck stru ctu re (which is derived from the classical stru ctu re as reviewed by, for exam ple, Sm ith (1982) and as detailed in Sm ith (1979a, b) ) and it is this mode which is th o u g h t to have been observed by Fedorov et al. (1976 Fedorov et al. ( ). M acK errell (1987 , hereafter referred to as S.M., extended the stu d y of H all (1986) to give an account of the w eakly nonlinear properties of the lower branch mode. Following the fram ew ork set up in H all (1986) S.M. derived solutions th a t enabled the finite am plitude grow th of a disturbance close to neutral to be described. Im p o rta n tly , she found th a t nonlinearity has a destabilizing effect on the vortices and discovered the existence of a threshold am plitude (in the sense of S tu a rt (1960, 1971) and W atson (I960)) such th a t disturbances sm aller th an the threshold value decay as they move aw ay from the neutral position whereas those above threshold grow explosively. This led S.M. to conclude th a t for small disturbances the inviscid mode of G regory et al. (1955) is probably dom inant whereas for larger am plitude p ertu rb atio n s the short w avelength mode observed by Fedorov et al. (1976) is the m ore im portant. U ntil very recently there have been, to the best of our knowledge, few, if any, other observations of the short w avelength disturbance. A t the 1991 IC A S E /L aR C workshop on transition and turbulence T. Corke reported th a t in his experim ents on ro ta tin g disc flows a subcritical sta tio n a ry instability had been o b serv ed : the mode which is alm ost certainly th a t seen by Fedorov et al. (1976) and analysed in S.M. A t the same m eeting we learned of an investigation by D hanak (1992) who has extended the calculations of Malik (1986) to include the effects of suction. The role of suction in practical flows is an im p o rtan t one for it is believed th a t im position of suitable suction on a boundary layer can often stabilize the flow and thence delay the onset of transition. D hanak (1992) found th a t if suction is applied to the ro ta tin g disc flow then th e overall effect, a t least according to linear theory, is th a t th e flow is indeed stabilized : conversely blowing destabilizes th e flow. This finding invites the question as to the effect of suction on the n a tu re of th e sh o rt w avelength m ode described by H all (1986) and S.M. and it is this th a t we address here.
In §2 we follow the nonlinear analysis of S.M. and indicate the m odifications required to incorporate suction into th e flow. We th en execute some num erical work to o btain a q u a n tita tiv e description of th e flow properties and conclude w ith some discussion.
Formulation of the problem
We consider th e case in which the disc 2 = 0 ro ta tes a b o u t the 2 axis w ith angular velocity Q. R elative to cylindrical polar coordinates ( ) which ro ta te w ith the disc, the con tin u ity and N avier-S tokes equations, when su itably non-dim ensionalized, become V w = 0, (2.1)
Stability of rotating disc flows with suction v, w) are th e velocity com ponents, is the fluid pressure, r and k are u n it vectors in the r and 2 coordinate directions and the Reynolds num ber Re = QL2/v w ith v the kinem atic viscosity of the fluid and L a reference lengthscale. The R eynolds num ber is tak en to be large throughout.
F o r the ensuing analysis it is convenient to define e = ^ and w ith 2 = the basic steady flow is given by the solution (1986) . He dem onstrated th a t the flow is susceptible to a sta tio n a ry disturbance which is governed by an appropriate triple deck structure whose lower, m ain and upper decks are of thicknesses 0 (e9), 0(e8) and 0(e4) respectively. H all showed th a t the disturbance w avenum bers in the r and 6 directions are 0 (e~4) and solutions were sought proportional to
where the w avenum bers a and /? expand as a = a 0 4-e2aq + e3a 2 + ..., /?0 + e2/?j + e3/?2 + ... . ( 2.6) I t was found by H all (1986) th a t, as shown by G regory et al. (1955) , the 'effective ' velocity profile for a three-dim ensional disturbance w ith w avenum bers a and in the r and 6 directions is rau + ftv. H ow ever, if the effective wall shear vanish the modes are necessarily tim e dependent for a and ft real. Therefore, to seek statio n ary modes which are n eutrally stable a t the location r th e values aq and m ust be chosen so as to reduce the effective wall shear to zero a t leading order.
M acKerrell (1987) extended the w ork of H all (1986) to a w eakly nonlinear setting. She dem onstrated th a t to obtain a classical evolution equation for th e disturbance it is necessary to exam ine disturbances of am plitude 0(S) w ithin the lower deck.
F u rth er, the mode then evolves in an 0(e) ne r = fand, as in usual nonlinear triple deck work, it is the lower tier of th e triple deck where nonlinearity m anifests itself. Our aim here is to generalize the work of S. M. to investigate the role of the suction param eter S and in the following we deliberately
give the briefest of details. The analysis differs only slightly from th a t of S.M. and so we highlight the m ain differences betw een the present work and th a t contained in S.M. The om itted details m ay be found in S.M. and the reader is referred to th a t paper where necessary. Following the argum ent of S.M., we define a new variable rx in the neighbourhood of the n eu tral point r by r = r + (2 and seek disturbances whose radial dependence m ay be w ritten in the form
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i ocx 1 0 e2 e drx (2-7 6) W ithin the lower deck, where we define the 0(1) coordinate £ by 2 = e9£, we suppose th a t the basic flow velocity com ponents (2.3) expand according to
I f we p e rtu rb the basic flow by w riting ( 2. 8) (■ u,v,w ,p) = (u + U,v+V,e8w + W ,p + P) , then in the lower deck the disturbance q uantities develop according to Z>1(r1) and C 2(rx) are real co n stan t whose precise value will tu rn out to be u n im portant, s = d*£ and an asterisk on a q u a n tity denotes the complex conjugate of th a t q u an tity . The solution for U0 when S = 0, say U00, is given in Hall ( straightforw ard to obtain
In order for the disturbance to vanish on the disc surface we find from the co n tinuity equation th a t 0fF2/0s = 0 on s = 0. By solving (2.12) subject to this Consequently, we now have the outcom e th a t the form ulae (2.15) for the coefficients of the am plitude equation appear to be independent of the suction p aram eter 8 and hence are identical to those of S.M. How ever, the constants appearing in the expansions (2 .8) for the basic flow q uantities close to £ = 0 are functions of 8 and thence so are a and b. In the following section we conduct a few calculations for various values of 8 and draw some conclusions.
Results and discussion
To calculate the coefficients a and b in (2.14) we m erely need to solve the basic equations (2.3) subject to boundary conditions (2.4) and note th a t the function (fa 1a 0 + ^1v0) appearing in definition (2.15c) is given by roA+%Mi+SV2 = i^K m 0+ /?1v0) | | , a relation which was deduced in S. M. This relation also serves to determ ine the value of y 0 and this, in addition to the requirem ent th a t the leading order wall shear where th e functions A($) and B(S) are given in figure 1. We note th a t for all values of suction or blowing, -oo < S < co, we have 0 and 0 and the condition implies th a t the am plitude of the solution increases or decreases depending on w hether r is less th a n or greater th a n the n eu tral value. I t is also straightforw ard Since m ust be zero and 0 ^ erf (a?) < 1, the solution is bounded and valid for all if z/0 < 2/^7r* However, for y0 ^ 2/ \/n,y(x) becomes infinite a t some point 0 < < oo, and t solution is only valid for x ^ a?0. Thus the value y0 = 2 / \ /k represents a threshold betw een solutions which grow indefinitely and those th a t decay to zero. The corresponding disturbance threshold value |C,|e = (2/Vit) V -a /2 4 = B)f», (3.2)
is shown in figure 2 . We note th a t for large suction > 1) the threshold am plitude becomes small whereas for large blowing this am plitude grows. We now verify these qualitative results by considering the appropriate limits. am plitude equations (2.14) and which were defined in (3.1). In tu rn , the threshold am plitude |Cx\e « 0 .3 0 6 3 £~H (3.3c) 3.2. The large blowing limit,
In his consideration of boundary layer flows P retsch (1944) d em onstrated th a t the influence of viscosity becomes alm ost negligible for sufficiently large blowing and this work, together w ith the results em anating from studies of fluid injection in supersonic boundary layers by Sm ith & Stew artson (1973a, b) , enable us to derive the flow stru ctu re for the present problem when -1. We find it convenient to define the positive q u a n tity S = -S .It is now t boundary layer increases and form ally becomes Therefore, if we define the 0(1) coordinate z1 by zx -rj/8 we find th a t in the region 0 ^ zx ^ th develops according to (3.6c)
On figures 1 and 2 we have indicated the asym ptotic behaviours (3.3) and (3.6) both for S < -1 and for S > 1. We observe th a t thes predictions are very accurate for a surprisingly large range of values of S; indeed they are graphically indistinguishable from the respective curves for greater th an ab out five.
The m ost im p o rta n t deduction to be draw n from figure 16 is th a t the nonlinear coefficient in evolution equation (2.14) is positive for all values of blowing and suction. Thus in all cases nonlinearity has a destabilizing influence and we have found the existence of a threshold am plitude |Cx|e as discussed by S tu a rt (1960, 1971) and W atson (1960) such th a t all disturbances of am plitude less th a n threshold decay whereas those greater th a n threshold become infinite as the distance from the n eutral stab ility position increases.
O ur results described above seem to suggest, perhaps unexpectedly, th a t the effect of including suction in the ro ta tin g disc problem tends to lower the threshold am plitude for the disturbance, see figure 2 and result (3.3c). Moreover, figure 2 indicates th a t only very m oderate suction or blowing is needed to have a significant effect on the critical disturbance am plitude. In the work of D hanak (1992) it was found th a t suction stabilizes the flow in as m uch th a t inclusion of suction reduces the region of w avenum ber/R eynolds num ber p aram eter space in which the basic profile is unstable to statio n ary , infinitesim al modes. However, since the threshold am plitude decreases w ith increasing suction we speculate th a t an experim ental configuration would need to be less strongly forced for the subcritical instability to occur th a n would be the case for the zero suction p ro b le m : conversely, im position of blowing destabilizes the flow according to linear analysis b u t the m uch larger threshold am plitude suggests th a t exciting the subcritical disturbance experim en tally m ight be extrem ely difficult.
We now say a few words about the extension of our present problem into the compressible regime. Seddougui (1990) considered the effects of com pressibility on the subcritical mode of S.M. and found th a t for both an adiabatic wall and an isotherm al wall the statio n ary mode is only possible over a finite range of Mach num bers. The analysis conducted by Seddougui (1990) is n aturally more involved th a n th a t of S.M., bu t we have seen here th a t, a t least for the incompressible flow problem , the inclusion of suction requires only relatively m inor changes to the nonlinear analysis. W ith suction the variations in the coefficients of am plitude equation (2.14) are predom inantly due to the changes in the wall shears; these are in tu rn due to the changing boundary condition (2.4c) for the basic flow. Prelim inary consideration of the compressible version of the present problem also suggests th a t the m odifications required to account for suction in Seddougui's (1990) work will also be relatively straightforw ard. F u rth e r studies on this aspect are in progress together w ith an investigation into the properties of the tim e dependent version of the mode considered here.
Finally, there is the question of the extension of the present work into the fully nonlinear regime. E xam ples of fully nonlinear calculations for suction/blow ing problem s are typified by those of Sm ith & Stew artson (1973 a, b ) for plate and slot injections into supersonic boundary layers. These studies are p e rtin en t to steady flows: ideas presented in Sm ith & B urggraf (1985) and Sm ith (1988) , am ong others, give insight into the u nsteady tran sitio n area. E xtension of our work along the lines suggested in these papers would be valuable indeed.
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